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Abstract: The 1/Nc expansion for exotic baryons is developed, and applied to the masses, 
meson couplings and decay widths. Masses and widths of the 27 and 35 pentaquark states 
in the same tower as the 10 D 0^ are related by spin-flavor symmetry. The 27 and 35 
states can decay within the pentaquark tower, as well as to normal baryons, and so have 
larger decay widths than the lightest pentaquark 0. The \/Nc expansion also is applied to 
baryon exotics containing a single heavy antiquark. The decay widths of heavy pentaquarks 
via pion emission, and to normal baryons plus heavy D^*\b^*'^ mesons are studied, and 
relations following from large-A'^c spin-flavor symmetry and from heavy quark symmetry 
are derived. 
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1. Introduction 



e 



The recent discovery of the G"*" baryon with strangeness S = +1 has led to renewed 
interest in hadron spectroscopy. The contains an s quark since it has strangeness +1, 
and is thought to be a five-quark uudds state. The q^q states which include the form 
a spin-1/2 flavor 5C/(3) antidecuplet. The states in the 10 are shown in Fig. |l|, using the 
tentative notation proposed by the Particle Data Group. 

The states at the corners of the triangle 
are manifestly exotic, since they do not have 
the quantum numbers of qqq states. The ob- 
served 0"*'(154O) Q is the isosinglet state 
at the top of the triangle. The 7 = 3/2 
states $(1860) Q (usually called H3/2) also 
have been observed and are thought to be 
the ssqqq members of the antidecuplet. The 
experimental situation is still confusing, with 
some experiments reporting discoveries, and 
others reporting upper limits on the produc- 
tion cross-section for the states. There is also 
an upper bound on the width of the 0"*" de- 
rived in Ref. In this article, we derive 
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Figure 1: 

baryons. 



SU{3) weight diagram for the 10 



results for exotic baryons which can be obtained in a systematic expansion in 1/Nc, where 
A^c is the number of colors. Readers not interested in technical details of the calculation 
can skip to the phenomenological results, which start at Sec. 0. 
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The 1/Nc expansion of QCD Q constrains the spin-flavor properties of baryons and 
their coupUngs to mesons. In the A'c — > oo hmit, baryons have an exact contracted spin- 
flavor symmetry |5|, which can be used to classify states. This spin-flavor symmetry is 
broken at subleading orders in 1/Nc- The 1/Nc expansion is a systematic expansion for 
QCD, and gives results for the ground-state [56,0"''] baryons (81/2 and IO3/2) in excellent 
agreement with experiment, with some predictions accurate to a fraction of a percent ||5|, 
|6|, 1^, ^, m, |lO|. The l/Nc expansion also has been successful in explaining the spin- flavor 



properties of heavy-quark baryons |11] and excited baryons |12]. In this paper, we extend 
the 1/Nc expansion to the lowest-lying exotic baryon states identified in Ref. |13] using 
the method of quark operators ||6|, |^, We will concentrate on predictions in the isospin 
and SU{3) flavor symmetry limits for the exotic baryon masses, axial couplings and decay 
widths. A complete SU{3) analysis including S'C/(3)-breaking will be presented in a longer 
publication [^]. Implications of large- A'^c for exotic baryons have also been considered in 
Ref. m. 

In the Nc ^ 00 limit, baryons form irreducible representations of contracted spin-flavor 
symmetry SU{6)c, and all states in a given irreducible representation (tower) are degenerate 
in the Nc ^ 00 limit Q. For finite Nc, spin-flavor symmetry breaking generates a mass- 
splitting between the baryons in a given tower proportional to J^/iVc [^]. The irreducible 
representations have been constructed as induced representations |^], and are referred to 
as the Skyrme representations, since their group-theoretic structure is identical to that in 
the Skyrme model. For finite Nc, it is convenient to work with irreducible representations 
of uncontracted spin-flavor symmetry SU{6), which are finite towers and are referred to 
as quark representations . The quark and Skyrme representations are completely 

equivalent for Ac — > cxd |1^. For finite Ac, the baryon tower of the Skyrme representation 
remains infinite and continues to satisfy the SU{6)c algebra. The quark representation 
gives a finite set of states for finite Ac, and satisfies the SU{6) algebra. QCD baryons 
satisfy the SU{6)c algebra for Ac 00; the SU{6) algebra for finite Ac is not satisfied in 
QCD. The difference between Skyrme and quark representations is a subleading 1/Ac effect 
which can be absorbed into redefinitions of the the unknown coefficients of 1/Ac suppressed 
operator products. For finite values of Ac, the two yield equivalent group theoretic results 
to any given order in 1/Ac. 

Large- Ac spin- flavor symmetry does not predict that exotic baryons exist. However, if 
exotic baryons do exist, consistency of the 1/Ac expansion relates the spin-flavor properties 
of exotic and non-exotic baryons at order 1/Nc, just as it relates the spin-flavor properties 
of heavy-quark and light-quark baryons |l^]. These same conclusions also are obtained in 
the Quark and Skyrme Models, which share the same contracted spin-flavor symmetry in 
the large-A^c limit. In the Quark Model, exotic baryons with exoticness^ E form distinct 
irreducible representations of SU{6). In the Skyrme model, exotics contribute at 1/Ac 0! 
and cannot be separated from 1/Ac corrections. In both cases, one cannot prove that 
exotics must exist as A^c ^ 00. 



^Exoticness is defined as the minimal value of E for which the baryon flavor representation can be 
constructed from qqq{qq)^ . See Ref. |l^ for a more extensive discussion, and for the definition of 
exoticness in the Skyrme model, which does not have explicit quark degrees of freedom. 
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In this paper, our main focus is on the lowest-lying baryon exotics, the pentaquarks. 
The E = 1 pentaquarks consist of the IO1/2, 27i/2; 273/2, 363/2 and 355/2 representations 
of flavor and spin, and have positive parity. The results in this paper do not include SU{3) 
breaking. Thus, results for masses and widths are average values for all the states in a 
given SU{3) flavor representation. The 1/Nc expansion also can be performed using only 
isospin SU{2) flavor symmetry, with no assumption that the strange quark mass is small. 
The results obtained using isospin symmetry are similar to the results for three flavors 
in the limit of SU{3) symmetry. The SU{3) pentaquark towers decompose into isospin 
towers with fixed strangeness in the SU{2) flavor symmetry limit. The S = 1 states are 
the 0"*" in the 10, the isotriplets Bij=i/2 find 0i,j=3/2 the 27^/2 and 273/2, and the 
isotensors 62^=3/2 and 02^=5/2 in the 353/2 and 355/2. The individual isotriplet states 
are the Qf^, @f and and the individual isotensor states are 6^"''"'', Gg"*", O^, 0° 
and O2 • Unlike SU{3) flavor-symmetry breaking, isospin flavor-symmetry breaking can be 
neglected in comparison to 1/Nc corrections. 



2. The 1/Nc expansion for exotics 

Baryons of exoticness E have Nc + E quarks in the completely symmetric SU{Q)q repre- 
sentation, and E antiquarks in the completely symmetric SU{6)q representation In 
a quark model description, E of the Nc + E quarks must be in £ = 1 orbitally excited 
wavefunctions, so that the total wavefunction satisfies Fermi statistics by being completely 



antisymmetric in color-orbital space |18]. Including the orbital angular momentum, the ex- 
cited quarks q* can be either j = 1/2 or j = 3/2. Whether the quark spin is actually made 
up of quark spin plus orbital angular momentum, or just plain quark spin, is irrelevant. 
All that matters for the spin-flavor algebra is the spin-flavor structure of the state. The 
irreducible representation we choose is the one with q*{j = 1/2) in a completely symmetric 
spin-flavor state with the other unexcited quarks. These states have positive parity. The 
other symmetry structures correspond to choosing different irreducible representations of 
SU{6)c- The mixed symmetry spin-flavor representation with all quarks in the ground state 



£ = wavefunction have negative parity [19|. Whether these are lighter is a dynamical 



issue. It has been argued that these are the lightest states for heavy pentaquarks [PQ] . 

The large-A^c spin-flavor algebra of baryon exotics can be written in terms of one- 
body quark and antiquark operators. Define bosonic quark and antiquark creation and 
annihilation operators q^^, q-^^ g^^^^j with spin-flavor index A = 1,...,2F which 
satisfy the bosonic commutation relations q'^,qi^ = (5g and = S^. The q 

and q creation and annihilation operators commute with one another. Note that the 
creation/annihilation operators of the quark representation do not carry color indices. 
Baryon exotics are color singlets, so it is not necessary to keep track of color for the spin- 
flavor analysis. The SU {2F) spin-flavor matrices in the □ and □ representation are 
denoted by A"^ and A"^ = — (A^)^, respectively, with normalization TrA'^A^ = /2. 
Under the decomposition SU {2F) D SU{F) ® SU{2) of the spin-flavor group to its flavor 
and spin subgroup, the SU{2F) fundamental index A — > la, where i =|J, is a spin index 
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and a = 1, . . . , F is a flavor index. The SU {F) generators in the □ andD representations 
are (T")"^ and {f")^^, respectively, with T"^ = -{T'')^ and Tr T^T^ = 5''''/2, and the 
spin generators are = {a'Y j/2. [For 5C/(2), the 2 is equivalent to the 2, so it is 

possible to also use J* for the antiquark spin generators.] 

The one-body quark and antiquark operators Ag and Ag are defined by 



(2.1) 



These one-body operators generate a U{Q)q x U{Q)q spin-flavor algebra. 1/Nc effects break 
the separate quark and antiquark spin-flavor symmetries down to the diagonal 5C/(3) x 
SU{2) subgroup of SU{6). The properly normalized diagonal SU{6) generators are {Ng — 
Ng)/{2VF), (J* + JI)/^/f, (Tg" + T^)/V2 and V2{G^ - Gf). Baryons with exoticness E 
satisfy the identities Ng = Nc + E and Ng = E. 

The Hamiltonian (or other baryon observable) can be written as an expansion ||6|, |^ 

y_On ^2.2) 

n ^ 

where the summation is over all independent n-body operators On- For baryon exotics, the 
independent n-body operators are monomials of order n in the basic one-body operators 



of Eq. (2T). Operator reduction rules |Q] eliminate many operator products, considerably 
simplifying the 1/Nc expansion. For baryon exotics with quarks and antiquarks separately 
in completely symmetric spin-flavor representations, the quark operators satisfy the same 
identities given in Ref. Q, with the replacement Nc ^ Ng = Nc + E, and the antiquark 
operators separately satisfy the same identities with Ng — > —Ng, J* — > J^, — > T^- and 
Gl" -Gf, and N^ ^ Ng = E. 

Transition operators between baryons with different exoticness also are needed. The 
AE = — 1 one-body operators A^ which annihilate one qq pair are 

N-=qq, Tl=q{\®T-)q, 

Ji = q{,r <E)l)q, G^^ = q{r0T'')q. ^'^ 

The hermitian conjugate AE = 1 operators are A4 = A^^. The requirement that flavor- 



singlet quark-antiquark annihilation is forbidden for baryon exotics [13] implies that 



q^"q,^\E)=0, {E\qU^- = (2.4) 

where \E) denotes a baryon state with exoticness E. States which satisfy Eq. ( ^.4| ) will be 
called minimal states, and we will restrict our analysis to these states. Non-minimal states 
can be included by treating them as minimal states plus a qq pair [21[. Eq. (2^) implies 
that for minimal states 

iV_ = 0, Ji = 0, N+ = 0, = 0. (2.5) 
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Operator products of A_ and A+ do not need to be considered, since these operators can 
be rewritten as linear combinations of Ag and Aq. Operators in a given AE sector are 
products of the form (A-t)'^^' times monomials in Aq and Ag. 

There are new operator identities which reduce the number of independent operators 
products of the form AqAq, AgA_, AqA_ and A_A_, as well as the hermitian conjugate 
products involving A+ |14]. The identities for an SU{2) analysis correspond to a simple 
operator reduction rule: Operator products in which two flavor indices are contracted using 
gab ^abc ^^^^ eliminated. 

In the SU{3) limit, the most general AE = Hamiltonian is a polynomial in the 
one-body operators divided by Nc- The operator reduction rules imply that H has the 
form 



N ^ — — 



(2.6) 



where the function / is a general polynomial of its arguments. The Hamiltonian to order 
1/iVc is 



1 



Hq = CqNc + CiE + — [C2J; + C3 J| + C4 J2 + c^E^) 



(2.7) 



where the coefficients Cj are functions of 1/Nc of order A'^^, and exoticness E is assumed 
to be order one. Although the Hamiltonian is symmetric under q <^ q, this symmetry is 

because the substituted values Nq and Ng are asymmetric. 



no longer manifest in Eq. 
For example, 



which is symmetric under q 



q becomes 



1 



[{N, + E)Jl + EJi 



Nr 



to order 1/Nc (assuming E is order one). As a result, C2 and C3 in Eq. 
equal. 



(2.9) 
need not be 



The Hamiltonian in the Skyrme Model is given by Eq. (2.7) with the additional con- 
straints [ITll 



C2 = C3 = 2C5 = 2ci , 



(2.10) 



if collective coordinate quantization with neglect of vibrational-rotational coupling is used. 
Eq. ( 2.10| ) does not follow from a general 1/Nc analysis. The computation of the mass 
in Ref. ||2^ used this restricted form for the Hamiltonian, but it has been shown that the 
computation in Ref. [^] is not a consistent semiclassical computation |^,|24, Including 
vibrational-rotational couplings gives a Hamiltonian which does not satisfy Eq. ( |2.1C1| ) . The 
results in this paper use the general form of the 1/Nc Hamiltonian, and do not rely on 
Eq. (|2T0D . 
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In the SU (3) flavor symmetry hmit, the most general /S.E ^ Hamiltonian vanishes, 
and there is no mixing between states with different /S.E. To first order in SU{3) breaking, 
the Hamiltonian is given by constructing all possible independent spin-singlet terms which 
transform as T^. The AE = Hamiltonian is 



E 



1 



J„<-r„ -t- Cfi J„Lt= -|- C7 J,-;LT;f i" Co J ^ 



(2.11) 



to order l/Nc- This form of the 1/Nc expansion requires operator identities for the SU{3) 
analyis, which are deferred to a future publication. Similarly, the AE = — 1 Hamiltonian 



IS 



ET^ + df Ji&l. 



(2.12) 



The AE = — 1 Hamiltonian mixes the pentaquark states with the ordinary E = Q baryon 
states at order m^/^/iVc. The 1/y/Wc suppression factor is obtained because the matrix 
elements of A_ operators are at most of order ^/Wc. 
The AE = axial currents are given by 



V9?, — 



+54 



jirpa jirpa jirpa jirpa 

'i t _L ^ g 9 I „ 11 I r, 11 



(2.13) 



up to operator products of relative order 1/N^. The leading term G^" is order Nc for 
a = 1,2,3, order \/iVc for a = 4,5,6,7, and order 1 for a = 8. Relative to this leading 
term, the terms gi, §2, 54 and 55 are order 1/Nc and the terms 53, and gj are order 
1/N^- The coupling gA is normalized to the axial coupling of a constituent quark, so that 
gAin p) = 1-25 = 5gA/3 gives gA ~ 0.75 [26|. To leading order the axial pion octet 
couplings in the E = nucleon tower and E = 1 exotic tower are equal; they differ at 
relative order l/Nc due to gi, 52, 54 and 55. 
The AE = — 1 axial currents are given by 



2 " 



iE G^'^\ 
50^!-" + 51 ^' +g3 



Jirpa ^ Jirpa 

+ 54- 



Nc 



Nc 



(2.14) 



to relative order l/Nc- The leading term G!5 is order ^/^^ for a = 1,2,3, order 1 for 
a = 4,5,6,7, and order l/y/Nl for a = 8, so these transition couplings are suppressed 
by 1/^/Wc relative to the AE = axial couplings, such as gNNn, discussed above. The 
l/Nc expansion of the AE = — 1 axial couplings relates the pion octet couplings between 
pentaquark and non-exotic baryons. All of the decay couplings between the E = 1 and 
E = baryons are given by a single unknown coupling ^0 up to corrections of relative order 
l/Nc- A quantitative measure of the suppression of AE = — 1 couplings is given by the 
ratio 5o/5A- 
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3. Mass Relations 



A detailed discussion of the above equations including SU{3) breaking will be given in 
longer publications |jl^, |2^. Here we limit ourselves to a discussion of the mass relations 
and widths in the SU{3) flavor symmetry limit. The Hamiltonian Eq. (2/7) yields, by 
taking linear combinations to eliminate the unknown coefficients cq-s, the mass relations 

2 (TO1/2) + (35) = 3 (27) + O , 
(355/2 - 353/2) = I (273/2 - 27i/2) + O {1/N^) , 

(27) - TOi/2 = ^ (IO3/2 - 81/2) + O (l/N^) , 

(35) - TOi/2 = 2 (IO3/2 - 81/2) + O (l/iV2) , (3.1) 

where 

(27)^^[(27i/2)+ 2 (273/2)], (3.2) 

(35) ^ i [2 (353/2) +3 (355/2)] (3.3) 

denote spin-averaged masses. The fourth relation is not linearly independent. The first 
two relations also are satisfied by the terms in the Hamiltonian, and so are true to 

Using only isospin SU{2) flavor symmetry, one gets the corresponding relations for the 
S = 1 states: 

26+ + (62) = ?,{Qi) + 0{l/Nl), 



5 



(e2,,=5/2 - e2,,=3/2) = I {Ql,=3/2 " Ql,=l/2) + O {1/N^) , 

(61) - e+ = - (A - iV) + O {l/N^) = 195 MeV + O {l/N^) , 

3 

(62) - e+ = 2 (A - iV) + O (l/iVe) = 586 MeV + O {l/N^) , (3.4) 



where 



(61) ^ i(ei,,=i/2 + 2ei,,=3/2), (3.5) 

(62) = ^ (262^=3/2 + 3e2j=5/2) , (3-6) 

denote spin-averaged masses. These relations do not rely on the assumption of approximate 
SU{3) flavor symmetry, and they are identical to the mass relations obtained in Ref. |23| 
in the Skyrme model. The 1/Nc analysis given here is model-independent and gives the 
accuracy of each mass relations as a power of 1/Nc- The and mass relations 

are expected to hold at the 10 MeV and 30 MeV level since the leading order Nc mass 
is approximately 1 GeV. Using 0+ = 1540 MeV, these relations imply {Qi) = 1735 MeV 
and (©2) = 2126 MeV, to an accuracy of or approximately 30 MeV. One cannot 
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determine the G"*" mass because of the order = 1 term hnear in E in the Hamiltonian 
which sphts the exotic E = 1 baryon masses from the normal E = baryon masses.^ 



4. Decay Widths 



The decay widths can be computed to order 1/Nc using Eqs. ( 2.13 , 2.14 ) for the pion octet 
couphngs. The exotic and ground state baryons have the same parity, so the decays are in 
the odd partial waves, since the tt and K are pseudoscalars. The j = 1/2 ^ j = 1/2 and 
j = 1/2 j = 3/2 transitions are only p-wave, by angular momentum conservation. All 
the decays are dominantly p-wave decays as long as the momentum of the final particles 
is small. Transitions between normal baryons or between E = 1 baryons are AE = 
transitions, and depend on gj\. Transitions between the E = 1 tower and the E = tower 
are AE = — 1 transitions, and depend on gQ (see Fig. ||). 




Figure 2: Transitions between the pentaquark and normal baryon towers. The transitions within 
a tower (vertical red lines) depend on gA, and those between towers (diagonal blue lines) depend 
on go. The 0"*" is naturally much narrower than the excited pentaquarks, since it is the lightest 
pentaquark and cannot decay within the pentaquark tower. 



The AE = transitions can be normalized to A ^ A^vr, and the AE = —1 transitions 
can be normalized to — > NK. The decay widths all have a phase space dependence, 
where p is the momentum of the emitted pseudoscalar meson. The ratios of decay widths 
correcting for the p^ phase space dependence (i.e. the ratios of the transition amplitudes 



^The decay widths O NK are of order A'^^ |T3| but do not destroy the above mass relations. Decay 
couphngs are constrained by the 1/Nc expansions Eq. ( 2.13| ,2.14), and yield decay widths which satisfy the 



same 1/Nc relations as the masses. Mixing between exotic and ordinary baryons also does not destroy the 
hierarchy of baryon mass predictions for the ordinary baryons, including the successful Gell-Mann-Okubo 



relations. The mixing Hamiltonian Eq. (2.14) is constrained by the 1/Nc expansion, and produces mass 
shifts which satisfy the 1/Nc relations in Ref. In addition, it is known for ground-state baryons that 
radiative corrections such as chiral loops respect the relations j^, |2^. This result should not be a 

surprise — the 1 /Nc relations are symmetry relations which are preserved by all interactions in theory. 
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squared) are: 



p-^T{e^NK) 9' 
j^-3r(9i,,^3/2 -^NK) ^8 

p-3r{e^NK) 9' 

p~3r{e^NK) 9' 
p-^r(ei,,=3/2 -^AK) _ 5 
p-3r(e^AfK) 18' 

p-3r(e2,,=3/2 ^ AK) ^ 1 
p-3r(e ^ ivi^r) 2' 

p"'r(e2,,=5/2 ^ AK) _ 4 

p-3T{e^NK) 3' 

p-^r(ei,,=i/2 ^ evr) _ 4 

p-3r(A^iV7r) 3' 
,i=3/2 



p-3r(A^iV7r) 3' 

p"^r(e2j=3/2 ^ 0i,i=i/27r) 5 



p-3r(A^iV7r) 4' 

p~3r(e2j=3/2 Qij=3/2^) _ 1 

p-3r(A^iV7r) ~ 4' 

P~^r(92j=5/2 ^ ei,j=3/27r) ^ 3 

P-3t{A^Ntt) 2' 



(4.1) 



The pion decay ratios have corrections of order 1/Nc, since they involve transitions in two 
different towers. The corrections are of order if one takes ratios of pion decays be- 

tween different states in the pentaquark tower, e.g. p~^^iG>ij=i/2 0^)/p~'^r(0i.j=3/2 ~^ 
Gvr) = 1 -|- 0{1/N^), by taking the ratio of two pion entries in Eq. (4J). The kaon decay 
ratios have corrections of order 1/Nc- 
The A width is [|0| 

r(A ^ Nn) = (4.2) 
which normalizes all of the AE = decays. The Q width is 

-2 3 - 2 

r(e+) = r(e+ ^ nk) = = lo Mev (-^) , (4.3) 



27r/i V0.2 

which shows that Qq/qa must be at least a factor of four smaller than qa for a 0+ width 
below 10 MeV. The coupling between different towers go is expected to be smaller than 
the coupling within a given tower qa, go < Qa- An example of such a suppression is the 
comparison of the coupling between the excited nucleon and ground state nucleon towers: 
g(N*NT:f/g{NNT:f ~ 1/10 |0|. 
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The j = 3/2 and 5/2 isotensors 02 and the j = 1/2 and 3/2 isotriplets ©i can 
decay via AE = pion emission to lower states in the E = 1 tower; the Q, being the 
lightest E = 1 state with 5 = 1, can only decay via a AE = — 1 transition, as show in 
Fig. ^. Transitions within a tower are controlled by gA and between towers by qq, so that 
naturally r(e) < r(Gi),r(e2). Using 1735 MeV for both the 61 states, and 2126 MeV 
for both the 62 states gives r(Gij=i/2) > 30 MeV + 1.2r(e), r(eij=3/2) > 30 MeV + 
4.9r(e), r(G2j=3/2) > SeO Mev'+ 5.ir(e) and r(G2j=5/2) > SeO MeV + 13.6r(G).3 
The isotensor 35 states are seen to be extremely broad, and will not be distinguishable 
from the continuum. 

The widths of the isotriplet flavor-27 states depend on the value of the hyperfine 
splitting between the j = 1/2 and j = 3/2 states. Since the hyperfine splitting does not 
change the average mass, one isotriplet state will have higher mass (and width), and the 
other lower mass (and width) than the results quoted using the average mass. In Figs. (^,§) 
we have plotted the decay widths and NK branching ratio of the states Qij=i/2 and 
®i,j=3/2 a-s a function of their mass. The mass of the j = 1/2 state is given by the lower 
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Figure 3: Width of the 0i states as a func- 
tion of the Oi mass. The blue curves are for 
j = 1/2, and the red curves for j = 3/2. The 
solid and dashed curves are for a O width of 
1 and 5 MeV, respectively. 



Figure 4: Branching ratio of the 8i states 
into NK as a function of the 8i mass. The 
blue curves are for j — 1/2, and the red 
curves for j — 3/2. The solid and dashed 
curves are for a Q width of 1 and 5 MeV, 
respectively. 



axis, and the mass of the j = 3/2 state by the upper axis. Note that the two masses 
are correlated — the spin-averaged mass of the two states has been set to 1735 MeV. The 
variation with mass is entirely due to the phase space dependence of the widths. The 
rapid rise in the j = 1/2 width (and fall in its NK branching ratio) around 1700 MeV is 

note of caution: The ©1^=3/2 — 0ij=i/2 mass splitting is not included in the numerical values quoted. 
The phase-space factor depends strongly on the masses. The results given are inequalities because there 
may be other channels (such as K decays between pentaquarks) which can exist if the mass splittings allow. 
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due to onset of the Qir decay channel. The ©i states are wide as long as they are above 
Gvr threshold. 



5. Heavy Pentaquarks 

One can have qqqqQ exotics containing heavy quarks, which are analogs of the the and 
related states. We will study the masses and decays of these heavy pentaquarks in this 
section. Note that qqqQq exotics as well as exotics containing more than one heavy 
quark, also could exist, but are not discussed here. 

5.1 Masses 

One can derive mass relations for the lowest-lying qqqqQ baryons {Q = c,b), which consist 
of the 6i/2) 15i/2) 1^3/2, 15'3/2 and 15'5/2 multiplets. The mass relations in the SU{3) 
flavor symmetry limit are 

2(6i/2) + (l5'> = 3(15)+0(l/iV3), 

(l5'5/2 - 15'3/2) = I (153/2 - 15i/2) + O {l/{mQN^)) , 

(15) - 6i/2 = ^(103/2 - 81/2) + O {l/N^) , 

(15'> - 61/2 = 2(103/2 - 81/2) + O {l/N^) , (5.1) 

where 

(15) = ^[(l5i/2)+2(l53/2)], (5.2) 

(15'> = ^[2(l5'3/2)+3(l5'5/2)], (5.3) 

denote spin-averaged masses and the 61/2 and 63/2 are the non-exotic qqQ baryon multiplets 
containing the Sc,fe and S* The (153/2 — 15i/2) and (l5'5/2 — 15'3/2) mass splittings vi- 
olate heavy quark spin-symmetry and are proportional to l/niQ. The above mass relations 
are identical to those for the light pentaquarks, since the Hamiltonian has the same struc- 
ture as Eq. ( |2.7D . The only difference is that the hyperfine splittings, which violate heavy 
quark spin symmetry, are suppressed by 1 / niQ . 

For two light flavors, the qqqqQ baryon exotics consist of the isosinglet Qq in the 
6i/2i the isotriplets ©1^(3^=1/2 and ©1^(3^=3/2 in the 15i/2 and I53/2, and the isotensors 
®2,Qj=3/2 and ©2,Qj=3/2 ^ the 15'3/2 and 15'5/2- Using only isospin SU{2) flavor sym- 
metry, one obtains the mass relations 



2(eQ)+(©2,Q> = 3(©i,Q> + 0(l/7V, 



'02,Q,,=5/2 - 02,Q,i=3/2) = ^ {®l,Q,j=3/2 " ^1,0,^=1/2) + O {l/imgN^)) , 

= 1{^-N) + 0{1/N',), 
(02,Q> - ©0 = 2(A - iV) + O {1/N^) , (5.4) 
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where 

(0i,Q> = I (0i,Q,,=i/2 + 2ei,o,.=3/2) , (5.5) 

(02,Q> = ^ (202,Q,,=3/2 + 3e2,Q,,=5/2) , (5-6) 

denote spin-averaged masses. These mass relations imply 

0i,g,,=i/2 = Oq + I (A - iV) _ Ise^ ^ + o (l/iV2) , 



3 ' '3 

01, Q,,=3/2 = eg + ^ (A - AT) + ijOi^Q + O (l/iV2^ 

02, Q,,=3/2 = + 2 (A - iV) - 5Gi,Q + O (l/TV^^ 

2_ .,,2N 



02,Q,,=5/2 = eg + 2 (A - AT) + _5ei,Q + O (l/N^) . (5.7) 

where (501 g = ^0i,Qj=3/2 ~ 0i, 0,7=1/2) t'^^ heavy quark spin-symmetry violating hy- 
perfine splitting proportional to {Jq ■ Jq)/NcmQ Substituting in the numerical value 
for the (A — N) mass difference gives 

0i,c-i=i/2 = 0c- + 195 MeV - ^6@i,s + O {l/N^) , 

01, c-i=3/2 = 0c- + 195 MeV + ^Oi^s + O {I/nI) , 

02, c-i=3/2 = 0c- + 586 MeV - + O {I/nI) , 

02,c-i=5/2 = 0c- + 586 MeV + ^Qi-, + O [l/N^) , (5.8) 

for the isotriplet and isotensor charmed exotics. The ( Jq ■ Jq)/NcmQ hyperfine splitting 
S* — Sc = 65.6 MeV also violates heavy quark spin-symmetry, and gives an estimate of the 
size of 6@i^c- The 1/Nc expansion does not allow one to predict the mass of the Qs to great 
accuracy; a relation such as — = — A has an order l/iV^ correction, and gives a 
mass of 2700 MeV with corrections of order 1/Nc- An order 1/Nc mass term is typically 
of order 100 MeV. The recently reported charm pentaquark at 3099 MeV ||3|] is 400 MeV 
above the estimated Gg mass, and so is unlikely to be the ground state pentaquark. Other 
estimates of the ground state charm pentaquark mass p3| , pO| ] also give a value much smaller 
than 3099 MeV. If we identify the resonance at 3099 MeV with one of the excited &i^c 
pentaquarks, then the mass of the ground state charm pentaquark Gg is more accurately 
given by 2904^|^^2|^q|''; MeV, depending on whether the observed Gi^g pentaquark has 
j = 1/2 or 3/2. This mass result has a l/N^ correction, which is estimated to be 30 MeV. 

5.2 Widths 

The decay widths of the heavy pentaquarks can be studied using the 1/A^c expansion and 
heavy quark symmetry. Heavy pentaquarks can decay within the heavy pentaquark tower 
by pion emission and to normal baryons plus heavy pseudoscalar and vector mesons Pq 
and P^. 
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The transition amplitudes for pion decays of heavy pentaquarks are equal to those of 
the corresponding light pentaquarks, e.g. P~^r(0i,Qj=i/2 ~^ ©q^) = P~^^{®i,j=i/2 ~^ 



Qtt). One can also use Eq. (4.1) to write these as relations between the heavy pentaquark 
and A widths, e.g. P~^'i^{&i,Qj=i/2 ^ ©g^r) = (4/3)p"3r(A Nn). One expects the 
former version to have smaller 1/Nc corrections. 

The decay widths r(Gi 5^=1/2 ©c'^r) and r(Oi g j=3/2 — > Og'^) are equal to 0.26 r(A 
Ntt) ~ 30 MeV, using 195 MeV for the mass difference between the Oig and Og states. The 
two decay rates are equal by heavy quark symmetry, since the decays involve transitions 
among the light degrees of freedom, and do not affect the heavy quark. The hyperfine split- 
ting SQi^c violates heavy quark spin symmetry and changes the widths, since it changes the 
phase-space dependence. The hyperfine interaction is much smaller for the heavier pen- 
taquarks, and so is less important than in the light pentaquark sector. The Qc,2 Qc,i'^ 
widths are extremely broad, and the states will not be observable. 

The decay widths of heavy pentaquarks Qq to nucleon plus pseudoscalar and vector 
mesons, -|- Pq and N + Pq, can be related using heavy quark spin-symmetry and the 
1/Nc expansion. We first determine the relations which follow from heavy quark symmetry 
alone, and then combine them with the 1/Nc results. 

Heavy quark spin symmetry relations are derived between the various decay ampli- 
tudes. Whether these are allowed decays depends on the masses of the states. The charm 
pentaquark reported by HI can decay into both N + D and N + D*. If it is an excited 
pentaquark, then some of these decay channels may be kinematically forbidden for the Og, 
which is lighter. It is also possible that the Og has no strong decays, and only decays via 
the weak interactions [33, |2^. The ©2,0 states are likely to be too broad to be seen, so we 
derive results only for the Qq and ©i^g. 

The @Q has J = 1/2 and Ji = 0, where Jg is the spin of the light degrees of freedom. 
It is represented by the spinor field uq. The ©i^q states have J = 1/2,3/2 and Jg = 1, 
and are represented by the spinor field |34| 

«0,i = 7f + '"''^ 75«e,i,i=i/2 + ^e,i,i=3/2- (5-9) 

The pseudoscalar and vector mesons are represented by the field [35|. To simplify the 
notation, in any given decay, the initial pentaquark is denoted by G, and the final meson 
hyH. 

The decay amplitudes are computed in the rest frame of the decaying pentaquark, 
so that V = (1,0,0,0), and the momentum of the initial state is = rn^v. The decay 
products are non-relativistic, so the velocity of the heavy quark in the heavy meson is also 
chosen to be v. The momentum of the heavy meson is given by ph = mnv + k, where k 
is the residual momentum. The momentum of the nucleon is pN- Momentum conservation 
implies that niQV = mnv + k +PN, so we have two independent four-vectors, which can 
be chosen to be v and pN- 

The most general invariant amplitude for Qq N + Hq consistent with heavy quark 
symmetry is un T H^'^^ u@ where F is an arbitrary bispinor matrix which can be constructed 
out of V, pn and products of 7 matrices, and un is the nucleon spinor. Using ;^nun = 
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and ^//('S) = h(Q)^ 

one can reduce all the terms to a single invariant with the 
correct parity and time-reversal properties, 



/o UN h''^^ ne 



(5.10) 



where /o is an unknown constant. That there is only one invariant follows by counting the 
ways in which the spins of the light degrees of freedom in the final state can be combined 
to form Ji = 0. 

Similarly, for the q states, one can show that there are only two invariants, which 
are chosen to be 



UNPN,til5 



u 







(5.11) 



where Mq is given in Eq. ([5.91) . A third possible invariant involving the e symbol exists, 
but is not linearly independent. 



{niN +PN- • W)uiv7^75i/^'5^M^ = irea/3ufiV°'pN,l3UNY 



(5.12) 



The six possible decays of the 0q and Si^q into the Pq and Pq mesons are given in 
terms of three coupling constants /o,i,2i 



re 



'l,Qj=l/2 
^ (®l,Q,i=3/2 
^ (®1,<5j=1/2 
^ (®1,(5j=3/2 



■^0 + ^) 

P*Q + N 

P^ + N 
PA + iV 



|pAf| {En - rriN) Ep ^ 
27rme ■'O' 
Ipa^I {En — mN) Ep ^ 



27rm-0 
IpatI {En - tun) Ep 1 
3 



3/l + /2 



IpatI {En - tun) Ep 1 p 



I Pat I {En - ruN) Ep 

I PAT I {En - mN) Ep 
27rm0 



/f+ 3/1/2 + /I 
4/f + ^/l/2 + /| 



(5.13) 



where /a = {tun + EN)f2, and we have normalized the amplitudes in Eqs. ( 5!9| , 5.1Cl|) so 
that the isospin Clebsch-Gordan factors are unity for each decay. There are three relations 
among the decay rates, which follow from heavy quark spin symmetry (and do not use the 
l/Nc expansion), 



p-'r (Gq ^Pt+N)= 3p-^T {Qq ^Pq + N), 



,i=3/2 



Po + N 



p-'r ( 01,Q,,=3/2 



P^ + N 



'j=l/2 



PQ + N} + lp-'T[e,^Q^^^y,^PQ + 



(5.14) 
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where we have used E'tv — ~ Pn / {'^''t^n), since the nucleon is non-relativistic. In these 
relations p is the three-momentum of the final state particle for the corresponding decay. 
These relations are violated by l/mq corrections. 

In addition to the heavy quark relations Eq. (5.14), there are relations which follow 
from isospin symmetry. The @q is isospin zero, and so 

1, 



r (Gq ^ H{dQ) + p) = r (Gq ^ H{uQ) + n) 



Hn + N) 



(5.15) 



where H{qQ) represents either the pseudoscalar or the vector meson with quark content 
qQ, and the right hand side is the total width into the corresponding channel. The Qi q 
has isospin one, so the 1^ = 1 pentaquark decays entirely into H{uQ) + p, the Is = — 1 
pentaquark decays into H{dQ) + n and the Is = pentaquark decays 50% of the time into 
H{dQ) + p and 50% of the time into H{uQ) + n. 

The 1/Nc relations for the heavy pentaquark decays into pseudoscalar mesons are 
identical to the relations in Eq. (4J.), with the replacement K — > Pq. Combining the heavy 
quark predictions Eq. ( 5.14| ) with the large Nc relations gives the decay width ratios: 



p-^T 



e 



Q 



Pn + N] 



:p-^r 



e 



Q 



p* 



N 



: p'^T 



:p~-'r 
-3p 



p 



1:3: 



01,Q,j=3/2 

01,Q,j=3/2 
2 8 22 



^Pq + N 
16 



:p-3r Gi 



,Q,i=i/2 



®l,Qj=l/2 



Pq + N 



(5.16) 



9 9 9 9 

These relations are violated by and l/m-c corrections. 

In the large- A^c limit, the method of Ref. |11| gives the heavy pentaquark-baryon-heavy 
meson couplings in terms of a single coupling. The large-A'^c spin-flavor symmetry implies 
that /2 = — 2/i and /i = 1^2/8/0, which gives another way to derive Eq. ( ^.16| ). 

One can similarly work out the consequences of heavy quark symmetry for the decays 
of negative parity heavy pentaquark states. The decay amplitudes are given by replacing 
Eq. ( ^.10 ) by /o un ij5 H^^^ uq and dropping the 75 in both terms in Eq. ( 5.11 ). The decay 
widths are given by the replacement ttitv — > — "lAf in Eq. (|5.13| ) and in the definition of f2- 
The phase space is now proportional to |p|, since the decays are predominantly s-wave. 
The relations Eq. (5.14) are replaced by 









-Pq + n 


p-^r 




=1/2 - 


-Pq + n 


p-'T 




=3/2 " 


-^Pq + n 


p-'T 




=3/2 " 


-Pq + N 



3p-'T(eQ^Pc 



3^ 



3^ 



Q 
©1. 



N 



>,i=i/2 



?J=l/2 



Pq+N 



Po+N 



0{\pn\ 



(5.17) 

since /2 ~ |pAr|^ /2/(2MAr) is small. We have denoted the negative parity states by Qq 



and &i^Q, which have Jc - 
since it is a d-wave decay. 



and j£ = 1, respectively. The last decay rate is O [\pn\ 
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